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Symbols and notations have their u’Sua_l meanings.

1.  Answer any ten questions: - 2x10=20
a) Ifinagroup G, ba = a™b" forall a,b € G, show
- that Q(gmp"-2) = O(ab~!), where m, n are

integers.

: o _
b) Prove that {(O 1> 3”52} is a cyclic

subgroup of GL(2,R).
c) Leta and b be two elements of a group such
that O(a) =4, O(b) = 2, and a*h = ba. Show that

O(ab) = 2.
‘ 143 : ‘
A {1:3:1 2m,n€Z}, then show that P

is a subgroup of all non-zero rational numbers.
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If a be an element of a group of order 7 and p is-

prime to n, then prove that the order of a” is n.
If @ and b are elements of a group G with the
identity element e such that ab # ba, then prove

that aba # e.
Let GL(2,R) be the group of all non-singular

2 X2 matrices over R . Prove that the set
H = {(—ab 2) a® 4+ 0% # 0} is a subgroup of

GL(2,R).
Let K be a subgroup of a group G such that

z2 € K forall z € G.. Prove that XK is normal in
G

Let a and b be two elements of a group G. Show

that there exists an element g e6 such that

g labg = ba.

Give an eXample of a finite abelian group which

is not cyclic.
Show that the group (@, +) is not cyclic.

" 6 by
Verify whether { (0 C) :a,b,c € Rand ac # O}

is a normal subgroup of GL(2,R).
Give an example of an infinite group each
element of which has a finite order.

Let G be a group. Prove that the mapping

a(g) = g7 for all g € G is an automorphism if

“and only if G is abelian.
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0) - Show that (Q, +) is not isomorphic to (Q*, +). '

a)

b)

d)

~ Answer any four questions: 5x4=20

Let f: G — G, be ahomomorphism of groups.
Then the quotient group G/Ker(f) is
isomorphic to the subgroup Im(f) of Gi.

If H and K are subgroups of a group G, then prove
that H U K is a sub-group of G if and only if

Hc KocK G H.
Prove that any finitely generated subgroup of

(Q,+) is cyclic.

Prove that the additive group G of complex
numbers a+ib is isomorphic to the
multiplicative group G’ of rationals of the form

2935 (a,b € Z).

Let H be a subgroup of a group G. Prove that

Loy |
- ﬂ gHg is a normal subgroup of G.

9eG

Let H be a subgroup of a finite group G. Suppose
that g € G and n is the smallest positive integer
such that g" € H. Prove that » divides O(G).

Answer any two questions: : - 10%x2=20

a)
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i)  Let fbe a homomorphism of a group G
into a group H. Then prove that fis one-

one if and only if Ker(f) = {e}, where e
is the identity element of the group G. 3

(3) | ‘ ‘ [Turn over]
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Prove that an iniinite cyclic group is
isomorphic to the additive group 7 of all
integers. 4
Let G be a finite group with the identity
element ¢ and fbe an automorphism of G

such that for all a € G, f(a) =a if and
only if @ = e. Show that for all g € G, there
exists a € G such that g =a7'f(a). 3
Let H and K be subgroups of a finite
group G with HC K C G. Prove that

[G:H|=[G:K] [K:H]. 4

Prove that the nth roots of unity form a

cyclic group. 3

Let £ be acongruence relatioh on a group
G. Show that there exists a normal
subgroup H of G :such that
p={(a,b)erG;a—1beH}_ 3

Prove that a finite group can not be
expressed as the union of two of its proper

subgroups. 4

Prove that every group of prime order is

cyclic. : 3

Let G be a subgroup of a group G such
that (G - H]=2. Prove that H is a normal
subgroup of G.- SO Sl

(4)

a0
i)
iii)
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Let G be a group and Z(G) be the center
of G. If G/Z(G) is cyclic, then prove that
G is abelian. :
Prove that a subgroup H of a group G is a
normal subgroup if and only if every right
coset of H is also a left coset. 3
Let G H, and K be groups. Suppose that
themappings f : G - H andg: H—> K
are homomorphisms. Prove that
gf :G — K isalsoa homomorphism.

4 4
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