d)
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ii)

Show that the vector
F = (4xy — 23)i + 2x%j — 3x2%k is
irrotational. Show that F' can be expressed
as the gradient of a scalar function ¢.

‘ 1+4
Ifco+3+2++=2 =0, where c, € R
for i =0,1,..,n, show that the eqﬁation
Cotcx+cx?+ - +cpx™=0 has

atleast one real root between 0 and 1. 4

A function f:R- R satisfies the

condition [f(x) — f(¥)| < (x — y)? for all

x, yeR. Prove that f is a constant

function on R. 3
Prove that div [@x @) x E] =-2b.d 3

- Obtain the»Maclaurin’s infinite series

expansion of (1 + x)”, where m is any real
number other than positive integér and
I <1.

If £:[0,1] —» R is such that f"(x) < 0 in
[0,1] and if ¢(x) = f(x) + f(1—=x) in

[0,1], show that ¢ is monotone increasing

. 1 o, . . sl
‘in [O, 7] and it is monotone decreasing in
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Symbols and notations have their usual meanings.

1. Answer aﬁy ten questions: : ; 2><10=20 :
i) Let :R- R be a differentiable function on R
and £'(x) > f(x) for all x € R. If f(0) = 0, then
show that f(x) > 0 for all x € R. .
ii) A function f:R- R is continuous on R -and
f(x) =0,Vx€E€Q. _ Prove  that
f(x) =0,YxER. : ;
iii) Give an example of a function f which sati'sﬁes
the intermediate-value property on a closed and

bounded interval [a, b], but is not continuous on
[a,b]. |

[Turn over]



v)

Vi)

vii)

Let a function f:R—> R be defined by

x*, if x€Q -

f(x)z{o, if xER/Q"

Then show that i) =0.

Find grad Jog |r|

Give an example of a function which satisfies
all the conditions of Rolle’s theorem, where the
derivative of the function vanishes at two distinct

interior points.

Determine the constants a, b, ¢ so that the vector

/T=(x+2y+az)i+(bx—3y,—z)j+(4x+cy+22)k

viii)

ix)

xi)

is irrotational.

State Rolle's theorem.
Find lime* sgn(x+[x]), where the signum
x>0

function is defined as

; m,ifx#O
sgn(x)=1 x :
0,if x=0 -

Give an example of a function f which is
continuous on a closed interval I, but f(I) is not

a closed interval.

If f(x) = max {x,x~1},, for x > 0, then obtain
the value of flo).fcHatc>0.
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xii)

- xiii)

Xiv)

XV)

Answer any four questions:

a)

,b)

‘mean value theorem that f)-f@©) =

A particle moves along the curve
x = 2t%,y =t — 4t,z = 3t — 5. Determine the
velocity and acceleration at any timet = 1.
If f(x): ——\H_—x2 5 then show that f,(X)
assumes every real value as x runs over (-1,1).
Ifthe vectors A and B are irrotational, then show
that the vector A x B is solenoidal.

If f is derivable on [0,1], then show by Cauchy’s
flx) (X)

has at least one solution in (0,1).

5x4=20

i) Thé functions f:R-> R and g:R-> R
both are continuous on R . Then show that

the set § = {xER:f(x) = g(x)} is a
closed set in R.

i)  Construct a function f: [O,Z;-] - R which
is unbounded on the closed interval and
discontinuous only at the point g 4+1

Let D c R. A function f:D —» R is uniformly

- continuous on D if and only if for every pair of
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sequences {x } and {y } in D satisfying
limy_, o |f(x,) — f(y,)| = 0 holds. 5

{3 ) ‘ [Turn oﬁer]



¢) i) .-Letf:la, b] » R be a thrice differentiable
function on [a, b]. If ’
F(a)= 1) = "(a)=f/(B) =0, then
prove that f”(c)=0 forsome ce (a,b)-

ii) = Show that between any two roots of
e*sinx = 1,, there is a real root of
e*cosx+1=0. 352

d A function f:R-> R is continuous and
fx+y)=f@.fO) VxY eR.H fD=c

then show that f(x)=cx,VxER. 5

0 b 1@={g pegror
where a and b are real constants and if fis
- derivable everywhere, then find the values
of a and b.

ii) Show that f(x) =[x] in [0,2] is not

. derivable of any function. 352
f) If fis derivable in [a,b] and f'(a) and f' ()
are of opposite signs, then show that there exists

at least one point ¢ € (a,b) such that f'(c) =0
5
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3. Answer any two questions: 10x2=20
g} ¥ 1 fl®)=sinx, then prove . thal
. 1
hlir(r)x+ 6= T where g is given by

£(R) = F(0) + hf'(6h),0 < 6 < 1.

ii) If w is a constant vector, 7 and s are

vectors functions of a scalar variable t and
_ ds

LY | At Bl
if SEWXT, =W XS, then show that
d L e
E&x@=wxﬁx@_

iii) Use Cauchy's mean value theorem to
evaluate

COS —JTX

2

lim

"]
0g 21 » 4+3+3
b) i) Afunction f:[0,1] > R is defined by

Sie { 2 x' is' ra_ti?nal in [0,1]
1—x, x isirrational in [0,1].

Show that (i) f'is injective on [0,1], (ii)f

assumes every real number in [0,1],' (iii) f

: ; 1
1S continuous at 5 and discontinuous at
every other point in [0,1]. 2F143
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