THEORY ERROR

PART-2

1.21 ERROR DETERMINATION
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We know that lim ¥ _&
&0 gx dx
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Definitions:
(i) 8 xis known as absolute error in x. (i) 9% is known as relative error in x.
X
.. [(Bx . ]
(¢if) | — | =100 is known as percenfage error in x.
x
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Example 51. The power dissipated in a resistor is given by P = e Find by using Calculus

the approximate percentage change in P when E is increased by 3% and R is decreased by
2% (A M LE., Summer 2001

E:
Solution. Here, we have P= N3 = logP=2log E-log R
On differentiating, we get
Eziﬁg_ﬂ . IUGS_Pzle{)UhE_IDDhR
P E R P E R

5P 5 5
1007:2 (3)-(-2)=8 [Given, 10@;5 = 2%, 1005R _ 2%]

Percentage change in P= 8% Ans.
Example 52. The diameter and altitude of a can in the shape of a right circular cylinder are
measured as 40 and 64 em respectively. The possible error in each measurement is + 5%. Find
approximately the maximum possible ervor in the computed value for the volume and the
lateral surface. Find the corresponding percentage error.

Solution. Here we have, Diameter of the can (D) =40 cm

10060 1006k

= =4 )
D h 3%
= mﬁhzmzfgih
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log I'= Iogz+210gD+logh
8V 28D &h
— =0+ +—
V D h
ﬁi’m{) :%_Dlug+ﬁ1(}[}=2{15)+(15}=115 Ans.
I'r D h
Again S=2arl=nDh
log S=logn+log D +logh
&8 8D &h
=0 —+—
S D h
E]UU:%lﬂﬂ+%lﬂﬂ={i5}+{i5}=iw Ans.
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Example 53. The periac? T of a simple pendulum is
ﬁ;’

T 2 Z

1 T 3

Find the maximum ervor in T due to possible errors upto 1% in [ and 2% in g.

(U.P I semester winter 2003)
/
Solution. We have, T'= 2n ’—.
g

= log I'= lﬂg2n+%logf-%lugg
Differentiating, we get

T
¥=G+l(’_"_l£
1 27 2 ¢
a7 =1
- ("_—"]x100=1 [‘J xl{){)—[a—g\‘ixll}ﬂ
r 2N g
ol dg

But Txmn =1,=x100=2

aT 1 3
gL = —[1+2]1=2
[TJ“GU S 1+21=3

Maximum error in 7'=1.5% Ans.
Example 54. 4 balloon is in the form of right circular cylinder of radius 1.5 m and length
4 m and is surmounted by hemispherical ends. If the radius is increased by .01 m and the
length by 0.05 m, find the percentage change in the volume of the balloon.
(U.E I Sem., Dec., 2005, Comp 2002)
Solution. Radius of the cylinder (r) = 1.5 m
Length of the cylinder (h) =4 m

Volume of the balloon = Volume of cylinder + Volume of two hemispheres [«1.5 m-i
1
Volumc{i’}=Rf'2h+%ﬂ:r3+£1‘|:r'3=1'|:r2h+iﬂ:r3 idm
3 3 3 :
1
5[":nlrﬁr.h+nr1_3h+§n3r2_5r |y

81V mr(28rh+rdh+4rbr] 26rh+rdh+4r.ér

v 1'|:r2:‘i+i'1'|:1"3 rh+%r1
_ 2x001x4+15%x0.05+4x15x001
1_5><4+%.:1_5)2
~ 0.08+0.075+0.06 0215
6+3 9
100% _ l(}ngﬂ.ZIS _2L5 _ ;2000 Ans.

Example 55. In estimating the number of bricks in a pile which is measured to be
(5m x 10m % 5m), count of bricks is taken as 100 bricks per m’. Find the error in the cost
when the tape is stretched 2% beyond its standard length. The cost of bricks is T 2,000 per
thousand bricks. (U.P, I Semester, Winter 2000
Solution. Volume V'=xy:z

log F'=1log x + log v + log
Differentiating, we get

v _8x 8y 8-

V X ¥ z

a1 1008x 1008y 1006 =
+ +

100
4 x ¥ z

=2+4+2+2




1005V
=6
L}
6F  6(5x10x5)

8 '= — = ——— =15 cubicmetre.
100 100
Number of bricks in 8 F'= 15 = 100 = 1500
Error in cost = M =3000
1000
Thus error in cost, a loss to the seller of bricks = ¥ 3000. Ans.

Example 56. The angles of a triangle are calculated from the sides a, b, ¢. If small changes
da, &b, ¢ are made in the sides, show that approximately

84 = i[&a—ﬁb.c&s C - 8c.cos B]
2A
where A is the area of the triangle and A, B, C are the angles opposite to a, b, ¢ respectively.

Verifyv that 4 + 6B+ 8C =10 (U.P, I Sem., Winter 2001, AMIETE., 2001)
Solution. We know that

A= b +c* -a’
cos 4= —————
= a?=h+c-2bccosAd (1)

Differentiating both sides of (1), we get
2ada=2bdb+2c¢cbdc-2bdccosA-28bccosA+2besinAdd A (approx.)
ada=bdb+tcdc—bdccosAd—dbccosA+besinAddA

= besinddAd=ada-(b-ccos A)6b—(c— bcos A)de

= 2Add=ada-(acosC+ceccosd—-ccosA)db—({acosB+bcosd—-bcosAd)dce

1
wA=—bcsin A4

2
becosC+ccos B=a

2A84dA=ada-adbcecosC—-adecos B
=g(da—-d8bcos C—56ccosB)

— 54= % [8a — 8b. cos C — Bc.cos B (2)
Similarly,
dB= b [6b — bc.cos A — da. cos C -(3)
2A
§C= ﬁ [6¢ - 8a.cos B — 8b. cos A] (4)

On adding (2), (3) and (4), we get
[6A+&B+8C)= ﬁ[[a-bcosC—ccusB]ﬁa+[b-acusC—c‘cosA}Sb

+ (¢ —acos B - b cos A) ¢

= ﬁ[[a—a)&a+[b-b}bb+(c‘-cl&c]

=0 [+ bcos C+ ccos B = a] Verified.

Example 57. The height h and semi-vertical angle o of a cone are measured, and from there

A, the total area of the cone, including the base, is calculated. I h and o are in ervor by small

quantities &h and da respectively, find the corresponding error in the area. Show further that,
n

if o = 5 an error of + 1 per cent in h will be approximately compensated by an error of

~19.8"in a. . (AMILETE., Summer 2003)




Solution. Let / be the slant height of the cone and r its radius A

I =hseca
r =htana ¢
A=ar+arl I
=q h*tan® o + m (h tan o) (1 sec o) h
=m h* [tan® o + tan o sec o]
84 =2n h 8h [tan’ o + tan « sec o] B c

+ 7 h*[2 tan o sec” o So + sec® o So. sec o + tan o sec o tan o St
84 =2mh [tan o + sec o] tan . 8k + mwh” [2 tan o sec o + sec’a + tan’a). sec o. da

84 =2mh [tan o + sec o] tan o. 8k + 7 A7 [tan o + sec o sec o. da

o h
84 = mth? [tan o + sec o 2tanaT+[tanu+sccu)scca_3a

On putting 64=0 = a:% %xl{)ﬂzl,wegm
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= 0=%E+[E+—3)Eﬁa:%ﬁ—[—3+—3]Et}a

— L =_[L+i],ﬁa:>]——_—3 St :5‘-5&'———1
100 NEORNE) 100 3 1003
= do = - _1_I%0 degree = [— i] Ll minutes = - 19.8 minutes  Ans.
10043 = 53/ n
Example 58. Find the possible percentage error in computing the parallel resistance r of
three resistances r;, r,, r; from the formula 1.1 L4 if ry, ry, 1y are each in error by plus
- rorn o non
1.2%.
1
Solution. Here, - = L - L + i A1)

Differentiating, we get
] 1 1 1

——dy = = —dr, = —dr, = — db
r i l 5 ’ r 3
1{100;#} 1 [l{]ﬂa’q) 1 [mna’rz) 1 [modrj]
— - = — +— +—|—
r r fi f n n g g
- l(1_2)+l(1_2]+l(1_2)=(1_2){l+l+l]
h L) i h n n
1
=12 [—] [From (1).]
-
— 100 dr =12% Ans.

-
Example 59. If the sides and angles of a plane triangle vary in such a way that its circum

. . da db de
radius remains constant, prove that + + =, where da, db, dc are small

cos A cos B cos C




increments in the sides, a, b, ¢ respectively.
Solution. From the sine rule,
i b ¢

sin A sin B sinC

We know that R=73 s?n 1 (1)
Differentiating, we get

R _ acos A

a ~ 2sin’ 4

oR 1

da  2sinA
oR cR
By total differentiation dR= —dA+—da
oA ca

acos A 1

=— cdA+ .da i
0 2 sin? 4 > sin A ) R being constant
cos A 1
4= d
= sin 4 sin 4 “
da __4 dA=2R_dA Usi 1
= cosd sinAd o [Using ()]
R 1
= cosd ~(1)
Similarly, os B 2RdB ~(2)
d de__ 2RdAdC 3
an cosC Rdc ()
Adding (1), (2) and (3), we have
da_, db_, = 2R [dA + dB+d 4
cosd cosB cosC [ €l ~(4)
But in any triangle ABC, 4 + B8+ C=n
Hence, dA+dB+dC=10
Putting value of d4 + dB + dC =0 in (4), we get
da db de da db de
+ + =2R(0)=0=> + =
cosd cosB cosC ©) cosd cosB cosC Proved.
Example 60. Compuie an approximate value of (1.04".
Solution. Let Jilx, y)=x"
5 3 .
We have g. yx' 7t iizxj log x
ox ay
Here, let x=1,8:=0.04,
y=3 dx=0.01 (1)
o o
Now df or 2y Y (2)

=ypx '+x" logx
Substituting the values from (1) in (2), we get
df=(3) (1 (0.04) + (1¥ log (1) (0.01) = 0.12
(10430 =7(1,3)+df=1+012=1.12 Ans.
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Example 61. Find [(3.827 +2(2.1)° |5

1

Solution. Let /(x, y) = [x2 +2 y3 )3

Taking x=4 8r=382-4=-0.18
y=28r=21-2=0.1
o 1 : 2 : 81 1
& 2 3135 i1 s
L=+ S () =2 D[16+2(2)°] S==| = |=—
T 12T o6 20T S -5 o
4 4
ﬁf ] 2 3_T 2 6 2 3__. 24 l 3
= = [ +20'] 5 (60 ==(2) [16+2(2)] S ==x—=—
o =5 PO =@ 16+20°) * =T xpe=1g
By total differentiation, we get
g af 1 3
df =-0x+-0V = —(~0.18) + —(0.1) =— 0.018 + 0.03 = 0.012
ox oy 0 ST
1
[(3.82)* +22.1°F =/ (4,2) +df
1
= [(4)% +2(2)°) +0.012=2+0.012=2.012 Ans.

6.

EXERCISE 1.9

If the dEIlSll}’ P of a hﬂdy be inferred from its weights ”’: w In air and water respectively, show that
tl I t 5 ’ i - + .
€ relanve emor i p due 1o errors S, O I K, 18 W

The period of oscillation of a pendulum is computed by the formula

T= EKJI.
g

1
Show that the percentage error in T = 3 [%o error in [ — % error in g

1
If I = 6 cm and relative error in g is equal to Teo’ find the error in the determination of T

(Given g = 981 cm/sec?) Ans. —0.00153
The indicated horse power 1 of an engine is calculated from the formula.
I'= PLAN/33000

where 4 = ;dz_ Assuming that errors of » percent may have been made in measuring P L, N and

d. Find the greatest possible error in I. Ans. 5 r%

The dimensions of a cone are radius 4 cm, height 6 cm. What 1s the error in its volume if the scale
used in taking the measurement 15 short by 0.01 cm per cm. Ans. 0.96 mcm?.
The work that must be done to propel a ship of displacement D for a distance s in time 7 15 proportional
to s> D*3 7.

Find approximately the percentage increase of work necessary when the displacement is increased
by 1%, the time is diminished by 1% and the distance is increased by 3%. Ans. %%

The power P required to propel a ship of length / moving with a velocity ¥ is given by P = k17 %,
Find the percentage increase in power if increase in velocity 1s 3% and increase in length 15 4%.
Ans. 17%

In estimating the cost of a pile of bricks measured as 2m * 15 m % 1.2 m, the tape is stretched 1%
beyond the standard length if the count is 450 bricks to | m® and bricks cost ¥ 1300 per 1000, find
the approximate error in the cost Ans. T 631 .80

In estimating the cost of a pile of bricks measured as 6" = 50" » 4’| the tape is stretched 1% beyond
the standard length. If the count is 12 bricks to f7 *, and bricks cost ¥ 100 per 1000, find the
approximate error in the cost. (U.P. I 8em., Dec. 2004) Ans. 720 bricks, ¥ 25.20




10.

11.

12.

13.

14.

15.

16.

The sides of a tnangle are measured as 12 ¢m and 15 cm and the angle included between them as

60°. If the lengths can be measured within 1% accuracy while the angle can be measured within 2%

accuracy. Find the percentage error in determining (i) area of the triangle (ii) length of opposite side

of the triangle. (AMILETE., Winter 2002)

The voltage I across a resistor 15 measured with error i, and the resistance R 15 measured with an
r2

error £ Show that the error in calculating the power W{l, R) = ? generated n the resistor 1s

V
Rz
what 1s the approximate possible percentage error in W 7 Ans. Zero percent

(ZRh —V k). If V can be measured to an accuracy of 0.5 p.c. and R to an accuracy of | p.c.,

Find the possible percentage error in computing the parallel resistance » of two resistance r| and »,

1 1 |
from the formula —=—+ —, where ry and r, are both 1s error by + 2% each. Ans. 2%
rnon

In the manufacture of closed cylindrical boxes with specified sides a, b, ¢ (a # b # ¢), small changes
of A%, B%, (% occurred in a, b, ¢, respectively from box to box from the specified dimension.
However, the volume and surface area of all boxes were according to specification, show that:
4 B C

alb—c) blc—a) cla—b)
Find the percentage error in calculating the area of ellipse xX/a® + y*#* = 1, when error of + 1% is
made 1n measuring the major and minor axes. Ans. 2%

(ULR, I Sem, Jan 2011)

If f= x* y* =10, find the approximate value of /. when x = 1.99, y = 3.01 and = = 0.98.
Ans. 107.784

A diameter and altitude of a can in the form of right circular cylinder are measured as 4 cm and 6 cm
respectively. The possible error in each measurement is 0.1 cm. Find approximately the maximum
possible error in the value computed for the volume and lateral surface.

(A.M.LE., Summer 2001) Ans. 5.0336 cm®, 3.146 cm?
Prove that the relative error of a quotient does not exceed the sum of the relative errors of the
dividend and the divisor. (AMLE, Winter 2001)




