PARTIAL DIFFERENTIAL EQUATION

PART-1

Partial Differential Equations in Practical Problems

9.15 INTRODUCTION

In practical problems, the following types of equations are generally used :

2
(i) Wave equation : E)_:: =
d i
.. . . du
(ii) One-dimensional heat flow : 37 =
2 2
(i) Two-dimensional heat flow : 0 u, +.a—£: =
dx?  dy?
. JaVv dl di
iv) Radio equations : -—— =L —, -—
@) ] dx di dx

9.16 METHOD OF SEPARATION OF VARIABLES

2 d u

In this method, we assume that the dependent variable is the product of two functions,
each of which involves only one of the independent variables. So two ordinary differential

eguations are formed.

Example 1. Using the method of separation of variables, solve

du _ ,9du
dx di
where uix, 0) = 6 (AMILETE., Winter 1999)
. du du
Solution. — =2 — +u (1
dx di D
Let u=X.TW A2)
where X is a function of x only and T is a function of ¢ only.
Putting the value of u in (1) we get
diX. T d
—— =2 — (X.Nh+X.T
dx di .1
dX dT X’ T’
— = 2X — = T’ — = — =
de "Xdr +X.T oo T.X =2X.T"+X.T or TX 2 T+] ¢ (say)
X 1 dX dX
(a) Y—l or E_r—{ or T—[ dlx
. . X X .
On integration log X =cx+loga. or log ;:rx or —= ¢ or X=ae
27" T 1 1dT 1 dT 1
(b T+l—r or T—z(r—l) r Tm-z(c—l] or T-E(r—l)dr
. . 1 T 1
On integration log T = 5 (c—1)r+logdh or log ] (c—1)r
or r_ ¢z (€~ i or T = bes €11
b
Putting the value of X and T in (2), we have
u = ae™ . bes -1
or u=abext3-nt E)




or u(x,0) = abe™
But ux,0) = 6

ie. abe*=6¢ or ab=6 and c=-3
Putting the value of ab and ¢ in (3), we have

1
U= 68_3'”3 (-3-1)t

u=6ex2

which is the required solution. Ans.
Example 2. Use the method of separation of variables to solve the equation :
0% _dv
ox2  9d1
given thatv=0whent — oo, aswellasv=0at x=0and x = l.
dv  dv
Solution. — =
dx= dt
Let us assume that v = X7 where X is a function of x only and 7 that of 7 only.
dv dTr 0% dx
= =X = d b T—=
a1 dt = dx? dx*?
Substituting these values in (1) we get
x -2
dt dx -

Let each side of (2) be equal to a constant ( — pz)

e 1L G 148X

Ta " xa-"F

1 dT 5 dar = ..

Tar =P or — +pT=0

and ¥ s P or I +pX=0
Solving (3) and (4) we have
T = C| l.)-pl,

and, X = Gcos px+ Cy sinpx

Vv

C, e (C; cos px+ C5 sin px)
Putting x =0, v =0 in (5), we get
0=C e?" C - Cy=0, since C,#0
On putting the value of C, in (5), we get
v=C) e C; sin px
Again putting x = [, v = 0 in (6) we get
0=0C Pt Cssinpl

Since Cy cannot be zero.

. . nm . .
wsinpl=0=sinan .. p ==, nis any integer.
On putting the value of p in (6) it becomes
Fi:]‘:! n nx
Hence v=CCye I° sin ]
—":ﬂlf
v=>bh,e *‘2 sinnTI b,=C, C;

(1)

..(3)

(4

-(5)

.(6)




This equation satisfies the given condition for all integral values of n. Hence taking n = /,

2, 3, eenen, the most general solution is
= —i!:ﬁ:]' .
T SIN ALY
v = Z b,e ! — Ans.
n=1
Exercise 9.15
Using the method of separation of variables, find the solution of the following equations
dz dz LI 3
. 2x — =3y —=0 Ans. z=¢x2 3
dx dy :
2 2 U 4 when 120 Ans. u=4e ¥
dx dit
du du Sy i - Sy
3. 4—+—=3u andu=e" when x=0. Ans, p=e¢"""
dx dy
du du .
4 d—+—=3u, u=3e¢ " - atr=0
dr dx
(AM.LE.T.E, Winter 2002, 2000) Ans. u = 3¢ -3
5. 3%1_23_1: - u(x,0) = 4e” (AM.IET.E., Summer 2000) Ans. u = 4 e+
6. Ju +d_=2(r+\)i~' Ans. u=cet +Y ey
dx dy
du u 1 X 2
7. =4 — If wx0)=d4x-5 x Ans., u=|dx-=|eP?
ot dx e (x, 0) = 2 ( 2]
2 Ct
8. U 504 0y =x(d-x) Ans. u=x(d-x)e ?
ox t
du u .. /
9. —=—if wix.0)= 2x when 0=x=—
dr 0. (x.0) 2
=2(-x) whenéﬂxﬂf
Ans. u = "".'e‘"’ for G<J.<Zé =2(I—.=.‘)e""':" fcr%ﬁx <[
10. ﬂ = a_[i if wu(.0)=sinmx Ans. u=sinTx. e"’zr
di  dx’
2 2
PE PR T (25 -9 Ans. u=2 (2513 "
dxr  dt
12 Pun+3u=0
d’z dz dz = : T, .
13. - *; _ A M=D ADS. I=r E[I+\I1 p]]x+p_\+{. e||.—\] P la+py
dx dx dy ! !
i V. ) .
14. j;:aa_; If u(x.O}:%x(]—.r) Ans. u:%(l—x} cospt+ oy sinpi(c;cospx+ ogsinpx)
Pu _Pu . . . PO : px, . px
15. 16 —=—= if wu(x,0)=x(5-1x) Ans. u=x (5—-x)cospt+cysinpi|eccos + 3 81N
dxr dr 4 4
d u i . ) . S 2y
16. -~ =—+2u if u=10 Ans. u=(r; cos px+ ¢, SN Px) 3 € ]
dxr  dy
du du LG
17. y——+x——=10 Ans, u = AWV
Tdx T dy
du _ du oy
18. —=— Ans.u = AUV
dx dy
du du i - ax . — (3x+2y)
19. % = 28‘_+ u, wu(x,0)=4e (AMILETE., Summer200f) Ans. u = 4¢ :
x ¥
d du !
20. 2 a—”+3 3 =0 uOy=2e Ans.u=2¢""




