FOURIER SERIES
PART-1

12.1 PERIODIC FUNCTIONS
If the value of each ordinate f(f) repeats itself at equal intervals in the abscissa, then
f(#) is said to be a periodic function.

If f(£) = f(t+T) = f(t+27) = .... then T is called the period of the function f ().
For example :
sinx = sin(x+2m) = sin(x+4m) = ... so sinx is a periodic function with the period 2 7

This is also called sinusoidal periodic function.
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12.2 FOURIER SERIES
Here we will express a non-sinusoidal periodic function into a fundamental and its har-
monics. A series of sines and cosines of an angle and its multiples of the form.
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+bysinx+bysin2x+bysin3x+...+ b, sinnx+ ...

ay .
= —+ d, COS nx + b, sin nx.
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is called the Fourier series, where ay, ay, a....a,.,...by. bs, bs...b,... are constants.
A periodic function f(x) can be expanded in a Fourier Series. The series consists of the
following:
(i) A constant term a, (called d.c. component in electrical work).
(if) A component at the fundamental frequency determined by the values of ay, b;.

(iii) Components of the harmonics (multiples of the fundamental frequency) determined
by az, as...ba, bs... . And ay, ay, a..., by, bo... are known as Fourier coefficients or Fourier con-

stants.

12.3. DIRICHLET’S CONDITIONS FOR A FOURIER SERIES

If the function fix) for the interval (—m, )

(1) is single-valued (2) is bounded

(3) has at most a finite number of maxima and minima.

(4) has only a finite number of discontinuous

(5) is f(x+2m) = f(x) for values of x outside [-m, ], then

ay P, P. .
8, (x) = 3 J:: 1“” COS nx +ﬂ}=_ lb,, sin ax

converges to fix) as P— e at values of x for which fix) is continuous and to

%[;"(x+ 0) + f(x—0)] at points of discontinuity.




12.4. ADVANTAGES OF FOURIER SERIES

1. Discontinuous function can be represented by Fourier series. Although derivatives of
the discontinuous functions do not exist. (This is not true for Taylor’s series).

2. The Fourier series is useful in expanding the periodic functions since outside the closed
interval, there exists a periodic extension of the function.

3. Expansion of an oscillating function by Fourier series gives all modes of oscillation
(fundamental and all overtones) which is extremely useful in physics.

4. Fourier series of a discontinuous function is not uniformly convergent at all points.

5. Term by term integration of a convergent Fourier series is always valid, and it may be
valid if the series is not convergent. However, term by term, differentiation of a Fourier series
is not valid in most cases.
12.5 USEFUL INTEGRALS

The following integrals are useful in Fourier Series.

In In
(:’)I sinaxdy = 0 (EE)I cosnxdx = 0
0 0
In In
(:’H)j sinf nxdy = (:’\J)j cosinxdy = T
0 0
In In
(v)_[n sinnx-sinmxde = 0 (w')jn -cosnxcosmxde = 0
I 2n
(vii) In sinny-cosmxdy = 0 (viii) ‘[n sinnx-cosnxdy =0

(ix) [v] = uvy —w'va + vy — 1"V + L

du d’u
where v, = jv dx, v = Iv. drx andsoon. i’ = I u' = I and so on
P =

(x)sinnm =0, cosnm = (—1)" where ne I
12.6 DETERMINATION OF FOURIER COEFFICIENTS (EULER’S FORMULAE)

: ty
filx) = E+a|cosx+agc052_r+ e Fap cosnx+ ...

+h sinx4+bysin2x+...+b,sinnx+... (1)

(i) To find ag: Integrate both sides of (1) fromx = Otox = 2.

In
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cosxdx+a1J' cus?.rdx+.....+a,,j cosnx dx + ...
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_ll:ﬂ Jx)dx = %ﬂ I:t dx + ay _ll:n
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+ by Jo
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% I dx, (other integrals = 0 by formulae (i) and (ii) of Art. 12.5)
0

2n 2m
sin_rdx+b1_[ sin2n.-ix+...+b,i‘|. sinnxdx + ...
0 0

[T f@dr=2am ao=2 [ far e
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(if) To find a,: Multiply each side of (1) by cosnx and integrate from x = 0 to
x = 2m

In In In In
(1] 5
I fix) cos nx c."r:—2 j cos nxdx+ a, j cosxcosnxdx+ ... +a, I cos® nx dx...
0 0 0 0

In In
+ b I sin x cos nx dx+ b, I sin 2 x cos nxdx + ...
0 0

n
2
= da, I cos- nxdy=a,m
0




-(3)

1 In
d, = — j f(x) cos nxdx
T o

By taking n = 1,2 ... we can find the values of a,, as....

(iii)y To find b,: Multiply each side of (1) by sinnx and integrate from x = 0 to

xr=2m
2n ap Im In In
I fx)sin n.ra[r:i_l‘ sin mx dx + a.I cosxsinnxdx+ ...+ ay, I cos nx sinpxdy + ...
0 0 0

In In
+b I sinxsinnxdx+ ... + b, j sin® nx dx + ...
0 0

2n
= b, j sin? nxdx
0

(All other integrals =0, Article No. 12.5)

= bﬂ T
| P
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Note : To get similar formula of a;, % has been written with a,, in Fourier series.
Example 1. Find the Fourier series representing
flx) =x, O<x<2m
and sketch its graph fromx = —4mntox = 4 m
g
= (1

Solution. Let f(x) = 3 +aycosx+a>cos2x+bysinx+bysin2x+...

2n 2n 9T
Hence ap = & I fx)dx = L f xdx = L[L] =2n
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Substituting the values of ag, ay, a;..., by, by... in (1)

X = n-2|:sinx+%sin2.\'+%sin3x+...] Ans.
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Example 2. Given that f(x) = x+X° for — n<x< 1, find the Fourier expression of f (x).

Deduce that % =1+ é - % - :—2+ (U.P. II Semester, Summer 2003)




Solution. Let x+x?
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Substituting the values of ag. a,, b, in (1) we get

2 m? 1 |
x+x = —+4 cosx+—=cos2x——cos3x+...
3 [ 22 3 ]
. 1 . 1 .
—2[—smx+55|n21—§sm3x+...] (2)
n 1 1 1
Put x=mnin(2),n+n’ = —+4| 1+ 5+5+5+... (3
@ 3 [ 22347 ] ©)
Put x =-min(2), —n+7 —n—2+4 [P S 4)
_ , - Tl gt
. 2 n? 1 | 1
Adding (3) and (4) 2t = — 3 +8[]+§+3—2+E+..,}
4 n? 1 1 1
=8| l+5+5+5+...
3 |: 22032 42 }
E?—l+i+i+L+ —ii Ans
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Exercise 12.1
1. Find a Fourier series to represent, f{x) = 1—x for O<x<2m.
Am.2{5inx+lsin2x+isin3x+...+lsinm‘+...}
2 3 n
2. Find a Fourier series to represent x — x° from x = — 7 to 7 and show that
©_1 1.1 1.
12712 223 g (Mysore 1997, Osmania 1995)
3. Find a Fourier series to represent: f(X) = xsinx, for O<x<2m.

cosdx
#-1

cos3x
3F-1

cos2x
)
2--1

Ans. -1 +nsin.t—%cos.t+2[
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Find a Fourier series to represent the function f(x) = ¢', for — 1 < x < 7 and hence derive a series for

sinhm’
Am.zsmhﬂ l— 1l cos X+ 11 cos2x - 1l cos3Ix+...
n 2 1*+1 2+1 341
-
+ 11 sinx————sin2 x + 13 sin 3 x... - =1+2 —%+L—L+...
1+ 1 22+ 1 F+1 sinh 1t 25 10
Obtain the Fourier series for f(x) = ¢ " in the interval 0 = x < 2 1. (Nagpur 1997)
Ans L:K l+l{:w::n*:1:+lt:m"’1:+l|;‘0531 +lﬁinx+giin2\'+iqin3t+

: b1A 2 2777 5T 10 2° 5° Tl T
' nT-x) T <« COS X
If f{x)= , D<x<2m show that f(x) = —+X ———

2 f 12,0, m (Madras 1998)

v oo
i - COS Hnx
Provethat Y’ = —+4 % (— 1) =5—, —n<x<m
n-

n=1

Hence show that (i) L1 = % (Madras 1997, Mangalore 1997, Warangal 1996)
7
(iE —L =T Mangalore 1997) Ging L= X (Madras 1997)
(n-1¢ 8 %0
» _ " ] ¥
If f (x) i a periodic function defined over a period (0, 2 T) by f(x) = O 6;‘2“ tam)
~ cos nx T 1 1

Prove that f(x) = —— andh showthat — = l+—<+=+ ...

rove f(x) 2 2 andhence show that 2t

"=




