Semester IV

1. Quantization of Reotational Energy of Diatomic Molecules

Classical Treatment : While treating the rotational motion of a diatomic molecule, it can be
adopted a model of rigid rotator where the two masses m; and m; representing the masses of
the two atoms are connected through a rigid rod of length r equal to the distance between the
two atoms of the molecule. Let this rigid rotator be rotated around an axis perpendicular to its
own axis and passing through the centre of gravity as shown in Fig 1

<,

e ——

Figurel: The model of arigid rotator

Let v; and v, be the respective velocities of the-two particles with which they are rotating
around the axis. The kinetic energy of the rotator is

1 1 2
T = — mv? + — mb
CM R T e (D)

For the two particles of rigid rotator,

% = 1w ()
2 = no e (3)

Where o is the angular velocity of the particles , and r; and r, are the respective distances of the
two masses from the centre of gravity of the molecule. Substitution of Egs. (2) & (3) in Eq.( 1)
gives

T=— mi(ne)+ - mne)’

e

1 2 2, 2
=5 (mir] +mord)w

= _Im:
2 e (B
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Where | is the moment of inertia of the system, by definition,

I=Ymir!
1

The moment of inertia | can be written in terms of the distance r between the two atoms. From

the location of centre of gravity, it can be written-

miri= Mol
Since ritro=r,

we have,

- =

Substituting Eqg. (7) and Eqg. (8) in the expression

- N
I=mir1 +mar?

We get,

I= m (
ml-l-m‘-

m] mz
tm1+ms2

=l_u'4

) +mf —
mi+m32

)r

...(8)

Where p isthe reduced mass of the system and is equal to mym,/(my+m,).

Alternatively, it may be written as

1oL 2

W

The kinetic energy expression T=1/2Iw? is the rotational counter part of the kinetic energy
expression T=1/2mv? with | taking the place of m and ® taking the place of v. Similar analog
between the linear momentum and the angular momentum gives
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Angular momentum, L=Iw® P (N}

The kinetic energy of the system ( Eq. 4) can be written in terms of angular momentum of the
system as follows

Classically speaking, the kinetic energy of the rotator can have any value since o can-possess
any value. This is, however, not true in the framework of quantum mechanics. In the later, it can
be shown that the energies are quantized.

Quantum Mechanical Treatment

The classical kinetic energy of the rigid rotator can be written as

1 2, 1 5
T= — m)v] + — mrv?
7 2
2 ]
pl 2
2mi; 2mgz

Where p; and p; are the linear momenta of the two particles of rigid rotator. For a rotator rotating
freely, the potential energy is zero and hence its total energy is equal to its kinetic energy, i.e,

_ ;
AT P2
E= le + 2m2
2 2 1
p-(21 + Pil + pzzw + Px‘ + pJ’: 5 Pz!
E=——7_ " 2m2
Or QY iy T TR (14)
Where px, py and p, are.the three components of linear momentum always x-,y-, z- and z- axes
perpendicular to each other. Replacing ps with the corresponding quantum mechanical operators,
we get

- ~2 ~2 2 a2 a2 22
W [gz ¢ ¢ :] h {c i ¢
=—adzater vtz a2 Tl
Hop 8m2my| cx? +8y12 + ezt 8m2ma|_ex3 02 &
It is convenient to express the rotation of a diatomic molecule in terms of the internal coordinates
which are defined as
X=X2-X1

y=Yy2-y1
7=72,-71
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L _(?"_)zz{a_’i f’_}z NI
=\ R e -5

Similar expressions can be written for other differentials. Substituting these in Eq. (15) , we get

Y I L A ;
Hop= — ) ( ze yz 322) ,szz( x2 " b}’l )
__ Rl a1y @ @
= s-nz( T )(aﬁ T o T )
_ h2 82 82 '\2
T (i:)x2 i o2 T3 )

The Schrodinger equation for the rigid rotator is given by

Il

h? (@2 22 52
8172(x2+ 2+ )'1"=E';’

It is convenient to transform the above equation into spherical coordinates with m; at the centre
and m; at the position r,0 and ¢ ( fig.2). The transformation equation are

x=1Sin0 Cos¢
y=1Sin0 Sing
z=rCos0

Fig. Cartesian and Spherical coordinates
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This transformation is lengthy; only the transformed expression is given below.

_hrri 8_(28__) 1 8 0
872l 1% or g or +r25in6’ af (smﬂ 20 )+ r? smzﬂt,p ]5& &e: (18)

Since the distance r between the two masses of the rotator remains constant, the derivative with
respect to r will not appear in (Eq.18). Thus, Eq. 18 reduces to

21 2 1 Y
gl o prl[sm ] og(sm 0. 20 ) + PRRCY BT”'] Y(6,9) = EY(,¢9) (19)

Where the function y has been replaced a function by Y(6,¢p), known as spherical. harmonics
which depends only on the coordinates 6 and ¢. Eq.19 can be written as

B {1 9f. 48 ' }
—_ ¥ a2 0 — Y=QEDNY
[ %JLmﬂeﬂbm 89)+mf9@ @z e A (20)

Now according to (Eq. 12) ,we have

2EI=1? (21)

and moreover, the operation on the left hand side of Eqg. (20) represents the operator of square of
angular momentum. Hence, Eq.(20) may be written as

Ly Y=1Y e (22)

The solution of Eq.22 provides the following expression for the quantized values of L.

U=JU+H(%T (23)

Where J is the quantum number, The corresponding expression for the energy will be

i 1 (__ff.. )’
E= =3 =JU + D355 35,

) ...(24)
Substituting Eqg. (23) in Eq. (20), we get
h 1. & ¢ R = JIJ + 1)(&)2};
- 4,12{;—9 (im0 )+ o7
1 &Y | . _
Pl L Y=20
or smf" “9( ) Sl g TUTVITR (25)

Multiplying throughout by Sin0, we get
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Rigid Rotator Model of Diatomic Molecule

Y
sin 6 ’é% (smﬂ ;a-) + JJ + 1) 311129 Y+ — =0

If we defined the function Y(6,¢) as a product of two functions ©(0) and ¢(¢), then we have

¢ sin 0 gﬂ(smﬁ—)—l—J(J—!-l)‘psmzf?@ + Qg—qj_o

dé dp? (27)

Note: Y (0,9)=0(8)d(¢)
0Y/06= ¢ (d ©/d0)

Dividing throughout by ©¢ and rearranging, we have

: d 0 : 1
—g- sin 0 dg(smﬁ dg ) _J(J A+ 1) sintd = s

Now the left hand side of Eq. 28 involves only 8 whereas the right hand side involves only .
These two terms will be equal when both are equal to'the same constant, say m% Thus, we have

ﬁc:-,\ S

...(28)

ingd_
"d

and

@ dp? e (30)
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Qualitative Solution of Eqg. 29 and Eq. 30

Equation (30) can be written as

S0 e i
dp? et (30)

The solution of this equation is

P = A expfimp } e (32)

Boundary condition for the function ¢: When the angle ¢ is replaced by (¢+27), the same set of
points in space is obtained. So the boundary condition is

d(o21)=p(@) ..iiiriiirnnn.(33)
Hence Aexp{im(e+2m)}= Aexp{imo}

Or exp{im2n}=1 S S P (7))

Since exp{im2n}= cos(2mm) +i(sin2wm), Eq (34) will be true only when the constant m has a
value of zero or a positive or negative integeryi.e,

m= 0, i ]s:’: 2' PN (15|

The value of A in Eq.(32) can be.determined by normalizing the function ¢, such that

D, dp =

-
f

or exp(—imp) exp(im p) dp = 1
or | A (2m) =
or 4=

1
Vo
Thus, the solution of Eq. (31) is

I
(Dm = —— explis
. '\/2” p{imp }
m=0,£LE£2,... ... (36
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A few normalized ¢, functions are give in table 1.

Table 1: A few normalized ¢, Functions

m dm

0 1o/ 27
"1 (1/4/ 27) explip)
L q (1/4/27) exp(—ip)
+2 (1/4/2) exp(i2p)
= (1/4/ 27) exp(—i2p)

(2) Solution of Equation (29):
Equation (29) can be written in a more familiar form by defining a variable
&=cos 0

Thus

sin% =.1 — cos =1 — &
and the function ©(0)=P(&)

With the above relations , Eq(29) medify.to

H-a-o |G [-a-aG -

Dividing by (1£€%)/P-and rearranging, we get

or

(1- f:)dfz ze I:J(J—i-l) 51 P=0

d¢ ...(37)

Equation (37) is a differential equation called the associated Legendre equation. The various
solution P(§) of this equation are in the form of polynomial series, each of which must be
restricted to a finite number of terms if the solution is to remain finite everywhere .This
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condition ultimately leads to the requirement that J be restriced to non-negative integer values,
i.e

320,1,2,3 e, et n(38)

Im]|

The solution P are the associated Legendre Polynomials P, of degree J and order m and are
given by the relation

P!ml Lt fz)lm[ﬁ dim

«f'"" .............................. (39)
Where P; is the Legendre Polynomial whose form depends only on integer J and.is given by
Pr= o @ -y
277! dgd ...(40)

Besides J being a positive integer, the present solution P of'the function © also requires that the
| m | <J if the functions are not vanish. This follows immediately from the fact that the

differential (d™ Ps/d€"™) will become zero if m is greater than J ( Eq. 40). Thus, the two quantum
conditions are

Ji=0; 52 3,5, URRPPRPN (< 12)

m=0,d ;%2 £ 3,.. 5k e (42)

Hence m can have ( 2J+1) values for a given value of J.

Now the function ©(0) are.identical to the solutions of the associated Legendre Polynomials i.e
the Eqg. (39). However, the' functions as given by Eq.(39) are not normalized. On normalizing Eq.
(39) through the expression

je-e singdd =m
0 e 82)

QI+ - Im2
Ot = [ 20t imP)! R e (43)
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The function © depends on the values of two quantum numbers J and m. The exact form of the

function @4m for from Eq. the given values of J and m can be determined from Eq. (42), Eq.(39)
and Eq. (40).

Problem1: Determine the form of the function © for J=2 and m=0.

The function is given by Eq.42 is

Os.0 = [(2 X 22+ vy 2_:_-]m pi
21

Where ¥ from Eq. 39 is given by
dn
P:Lol: a'- £2)0 EE-"— P, = P,

and P, from Eq. 40 is given by

_ 1 a
P: =537 dg

=?(lﬁ) 2 {2e- D2}

1 3

1 o B gavan b

@~

Hence

Since &=cos0, we have

B:, o V10 (3cosz 6 — 1)

=.---—4"-

Following the method given in Problem 1 , the other functions with different values of J and m
can be determined. Table 2 includes some of these functions.
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Table 2: A few normalized @/ functions

J m OJ,m

0 0 V22

! 0 (V/612) cos 0

1 £ (1/3]2) 5in 0

- 0 (v/10 4) (3 cos* 0 — 1)
2 [ 41 (+/ 15/2)sin 6 cos 6

2 +2 4/ 15/4) sin2 0

Physical Significance of the constant J: From Eq.23;

2 =JJ+ l)(:_;:: )2

L= /FT+D (W2

Thus, the constant J is the quantum number which stands for the quantization of total angular
momentum of the system. This constant also represents the quantization of energy since

L2 K
57 = J0 + 1 g7

E=or =

I

e (28)

The minimum allowed value of J is zero, for which L as well as E has zero value. Thus, in the
present case angular momentum L can have a precise value. Thus, however, does not violate the
uncertainty principle since the angles of orientation, 6 and ¢ are completely unspecified.

Physical Significance of the constant m: In order to understand the physical significance of the

constant m, let the function (1/ V/2m) exp (im$) pe operated by an operator of the z-component of
angular momentum. The operator in spherical coordinate system has the form.
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_h o
oo = i 9 e (43)
Thus,
(L2)oy {—\—/15_; exp (f‘mp)} 2—}’- %{ Vir exp (me)}
h 1
=m ;- (imp)
mz"’{\/%exp Imp} e (4

Equation (44) represents an eigenvalue problem, where the z-component of .angular momentum
has precise values and is given by the relation

L"_m%}r_) e LW (85)
Hence the constant m represents the quantization of the z-component of the angular momentum.
Accordingly to Eqg. (44), the permitted values of m are. 0> 1, 2. ... Again, precise values of

the z-component of angular momentum (i.e; the orientation angle 6 of the angular momentum
with the z-axis) are allowed. This also does.not.violate the uncertainty principle as the angle ¢ is
completely usspecified.

Relation between the Constants J and m: The relation between J and m can also be determined
following the procedure given helow:

Now

) ! exp (imp) ? = m- L { exp (
(Lz - {’\/27,: ‘ p J /—' p ””p)}
Therefore

(L,):p {\/l_;r_ exp (:‘m?)} = (Lz)np{ " 2/;:; ,:/"IE-: exp(:’mp)}
h { 1 o
_ p (imp)
m( ) A/ 27 } e (46)

That is , the square of the z-component of angular momentum is (mh/27)°.
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Since the angular momentum is a vector, it can be written as

=0+ 1+ I}

3 r— 3= L+ L

y K x4 2 2
; = A 2 i = [.x L
Lo |:J(J+1J m ](2,”) Lx + Ly e

The right hand side of EQ.(47) is a positive quantity as it consists of a sum of squares. It,
therefore, follows that the left hand side of this equation should also be a positive quantity, for
which it must be

JI+1)—-m=0 e 48

This condition will be fulfilled provided | m |<J

Thus the values of m are restricted o # = Oy &= 1, £ 2, .05, = Jyje  m can have (2J+1)
values. All states with different values of m but the same wvalue of J are degenerate ( i.e, they
have same energy ) as the energy of the system depends only on the quantum number J

Pictorial Representations :  Since my is confined to the ( 2J+1) discrete values J, (J-
() -(J-1),-J for a given value of J, it implies that the orientations of the angular

momentum vector of magnitude VJU+1) (27) in space is such that its component along the z-
axis can have a value of m,(h/2r), ' where m, can take any value out of J, J-1,....-(J-1),-J. The
angular momentum being a vector. quantity can be shown by an arrow whose length is
proportional to the magnitude of the angular momentum and which points in a direction
perpendicular to the plane of.rotation. Thus, the orientations of the angular momentum vector
and also the corresponding orientation of the plane of rotation may take only a discrete range of
values, as shown in Figure 3 for J=1. This leads to what is known as the space quantization .
The angle 6 between the angular momentum vector and the z-axis is given by the relation

A/ JJ + 1) cos b = m; e (49)

In fig3, the orientations of angular momentum vectors labeled as (i) and (ii) are in the plane of
paper. For m; not equal to zero the angular momentum vector can also point out of the plane of
paper making the same angle 6 with the z-axis. These orientations are shown under the labeling
(iii). Thus , any vector on the conical surfaces will have a value of 2 (#/2m) for the total
angular momentum and = (#/27) for the z-component of angular momentum. The fact that the
angular momentum may lie anywhere on the cone is in agreement with the uncertainty principle
(‘angle 0 has a precise value but not the angle ¢).
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