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CLASS NOTE - Complex Numbers

Introduction

A complex number is an expression of the form z = x + iy, where x and y are real
numbers and i satisfies i> = —1. The real number x is called the real part of z and is
denoted by Re(z). The real number y is called the imaginary part of z and is denoted
by Im(z). The set of all complex numbers is denoted by C.

Polar Representation of Complex Numbers

Definition 0.1 (Modulus and Argument). For a complex number z = x + iy, the modulus
of z is defined as |z| = +/x? + y?. The arqument of z, denoted by arg z, is the angle 0 such
that x = |z| cos8 and y = |z|sin@. Thus, any non-zero complex number can be written in
polar form as

z = |z|(cos @ +isinf).

Definition 0.2 (Principal Argument). The principal value of the argument, denoted by
Arg z, is the unique value of 0 satisfying —m < 0 < 7.

The Exponential Function exp(z)

Definition 0.3 (Exponential Function). For a complex number z, the exponential function
exp(z) is defined by the power series

22 28

oozn
exp(z) = Z%)m:l—l—z—i—i—l—a—i—-u.
n=

This series converges absolutely for every complex number z.

Theorem 0.1 (Convergence of the Exponential Series). The series ), i—’: converges for
every complex number z.

Proof. For any fixed z, applying the ratio test gives

n+1 1
fim |2 /0D EL )
n—co z"/n! n—oo 1 4 1
Therefore, the series converges absolutely for all z € C. O
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Theorem 0.2 (Properties of the Exponential Function). The exponential function satisfies
the following properties:

(i) exp(0) = 1.

(i) exp(z1 + z2) = exp(z1) exp(z2) for all z1,z, € C.

_1
exp(z)”

(iii) exp(—z) =
(iv) exp(z) is periodic with period 27ti, that is, exp(z + 27ti) = exp(z).
(v) exp(z) # 0forall z € C.

(vi) |exp(z)| = eRe®),

(vii) exp(z) = exp(2).

Proof. The first property follows directly from the series definition. The second prop-
erty follows from the series definition and the binomial theorem. The third property
follows from the second property with zy = z and zo = —z. The fourth property
is proved using Euler’s formula. The fifth property follows from the sixth because
|exp(z)| = eRe(®) > 0. The sixth property is proved using Euler’s formula. O

Euler’s Formula and the Notation ¢*
Theorem 0.3 (Euler’s Formula). For any real number 6,
exp(if) = cosf + isinf.

Proof. Using the series definition,

(i) & i
n!

n! -’

exp(if) = )
n=0 n=0

Separating the even and odd terms yields
. 00 (_1)k92k & (_1)k92k—|—1 o
exp(i0) = ) ~—~—+1i) ~—F—— =cost+ising.
p(if) kgo (2k)! k;o 2k +1)!
[l

Definition 0.4 (The Notation e*). For a complex number z = x + iy, we write e* to denote
exp(z). Thus,

e? = et = ¢¥el¥ = ¢¥(cosy +isiny).
Corollary 0.1. Every non-zero complex number can be written in the exponential polar form
i0

z =rev,

wherer = |z| and 6 = argz.
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The Logarithm Function log z

Now that the exponential function has been defined, its inverse, the logarithm, can be
introduced.

Definition 0.5 (Logarithm of a Complex Number). For a non-zero complex number z, the
logarithm of z is defined as the inverse of the exponential function. That is, w = log z if and
only if eV = z. Since the exponential function is periodic with period 27ti, the logarithm is
multi-valued. Explicitly,

logz =1In|z| +iargz,

where arg z = 0 + 2kt for some integer k.

Proof. Let z = re®® with r = |z| > 0. Suppose w = u + iv satisfies e¥ = z. Then
e'el? = rel?. Hence, ¢ = rso u = Inr, and ¢'? = ¢ so v = 0 + 2kt for some integer k.
Therefore,

w=1Inr+i(0+2kmt) =In|z| +iargz.

]

Definition 0.6 (Principal Value of Logarithm). The principal value of the logarithm, de-
noted by Log z, is given by
Logz = In|z| + iArg z,

where Arg z is the principal arqument satisfying —m < Argz < 7.

Theorem 0.4 (Inverse Relationship Between Exponential and Logarithm). For any non-
zero complex number z,

exp(logz) =z,

and for any complex number z,
log(expz) = z + 2kmi
for some integer k.
Theorem 0.5 (Properties of Logarithm). For non-zero complex numbers z1 and z;,
(i) log(z12z2) = logz1 + logz as sets of values.

(ii) log (i—;) = log z1 — log z, as sets of values.

(iii) log(z") = nlogz for any integer n.
Proof. Letz; = r1€'1 and zp = rpe'®. Then
log(z12z2) = In(r172) + (01 + 02 + 2k7t) = (Inry 4 i6y) + (Inry + i62) = log z1 + log z5.

The other properties follow similarly. ]
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iv
De Moivre’s Theorem

Theorem 0.6 (De Moivre’s Theorem for Integer Indices). For any integer n and any real
number 0,
(cos@ +isin®)" = cos(nf) + isin(nh).

In exponential form, this becomes ()" = ¢,

Proof. Using the exponential form, (¢%)" = ¢ = cosnf + isinnf. This proof holds
for all integers n. O

Theorem 0.7 (De Moivre’s Theorem for Rational Indices). If n = p/q is a rational num-
ber in lowest terms, then

(cosf +isin8)P/7 = cos (@) 1 isin (@) ’

fork =0,1,2,...,q9 — 1. Thus, the expression yields q distinct values.

nth Roots of Unity

Definition 0.7 (nth Roots of Unity). The nth roots of unity are the solutions of the equation
z" =1, where n is a positive integer.

Theorem 0.8. The nth roots of unity are given by

2kt . . 2km ;
Wy = o8 — = +isin == = 2kmi/n

fork=0,1,2,...,n— 1. These n roots are distinct and lie on the unit circle |z| = 1.

Proof. Let z = re®. Then z" = 1" = 1 = 2. Therefore, 1" = 1sor = 1, and
nd = 2k so 0 = 2kt /n. O

Corollary 0.2. The sum of all nth roots of unity is zero, that is,
ltw+w +-+w =0,
27ti/n.

where w = e

Proof. The roots are precisely the roots of the polynomial equation z” —1 = 0. The
sum of the roots equals the negative of the coefficient of z~!, which is zero. O

Example 0.1. The cube roots of unity are the solutions of z> = 1. They are

- 1 \/§ ; 1 \/5
_ 2m/3 Lt 2 _ Ami/3 - VY
1, w=e = 2+1—2, w e > 12.

These satisfy 1 + w + w? = 0 and w® = 1.
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Figure 1: Cube Roots of Unity

Circular Functions of a Complex Variable

Definition 0.8. For a complex number z, the sine and cosine functions are defined by

eiz 4 e—iz eiz o e—iz
oSz = ——— sinz = ——.
27 2i
The tangent, cotangent, secant, and cosecant functions are defined in the usual manner as
sinz Ccosz
tanz = , cotz=— secz= , CsCz = —.
Cos z sinz Cos z sinz

Hyperbolic Functions of a Complex Variable

Definition 0.9. For a complex number z, the hyperbolic sine and cosine functions are defined

by
eZ L e 2 ) e — 2
hZ — ’ hZ e
cos > sin 5
The hyperbolic tangent, cotangent, secant, and cosecant functions are defined by
tanhz = sinh 2 cothz = coshz z= L z= L
~ coshz’ ~ sinhz” ©  coshz’ ©  sinhz’

Theorem 0.9 (Relations Between Circular and Hyperbolic Functions). For any complex
number z, the following relations hold:

cos(iz) = coshz, sin(iz) = isinhz,
cosh(iz) = cosz, sinh(iz) =isinz.
Proof. Using the definitions,

e (iz) +€—i(iz) e~ % + 6%

cos(iz) = 5 =——= coshz,
nd (i) _ i)
i(iz) _ ,—i(iz -z ,z Z_ ,—Z
sin(iz) = ‘ 21.6 =° o ¢ =i (%) = isinhz.
The other relations are proved similarly. O
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Definition of z° for Complex z and ¢

Definition 0.10. For a non-zero complex number z and any complex number c, we define

2 — € log z

where log z is the multi-valued logarithm. Consequently, z© is generally multi-valued.

Example 0.2. Find all values of i'.
Solution: Write i = /2, Then

logi =In1+i (2 +2kr) =i (5 +2kn), keZ

Therefore,

—(7t/24-2k7)

i ilogi _ yiti(m/242km) _ , .

All these values are real numbers. The principal value, obtained by taking k = 0, is e~ ™/,

Solved Problems

Question: 1. Find all the fourth roots of unity and represent them on the complex
plane.

Solution: The fourth roots of unity are the solutions of z* = 1. They are given by
CUk — eZkT(i/4 — ekﬂi/zl k — 0, 1, 2/3

Fork =0, wyg =" = 1. Fork = 1, wy = ¢7/2 = cos 5 +ising = i. Fork = 2,
wy = e = cosm+isint = —1. Fork = 3, w3 = ¢¥/2 = Cos?’Tn-l—isin?’%I = —Ii.
Thus, the four roots are 1,1, —1, —i.

Im

Figure 2: Fourth Roots of Unity

Question: 2. Using De Moivre’s theorem, express cos 56 in terms of powers of cos 6.

Solution: By De Moivre’s theorem,

cos 56 +isin50 = (cosf +isinh)°.
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Expanding the right-hand side using the binomial theorem gives
5_ v () o5
cos 0 +isinf)’> = ( )cos “"0(isinh)".

The real part of this expansion gives cos 50. Taking the terms where r is even,
cos 50 = cos® f — 10 cos® fsin” 6 4 5 cos § sin .
Substituting sin?# = 1 — cos? § and sin*# = (1 — cos? #)? yields
c0s 50 = cos’  — 10 cos® 8(1 — cos? #) + 5cos H(1 — 2 cos? 6 + cos* ).
Simplifying,
cos 50 = cos® f — 10 cos® 6 + 10 cos® 6 + 5cos f — 10 cos® § + 5 cos 6.

Therefore,
cos50 = 16 cos® 0 — 20 cos® 6 + 5 cos 6.

Question: 3. Find the principal value of Log(1 + 7).

Solution: Let z = 1+i. Then |z| = V12412 = /2. The principal argument is
Arg(z) = tan"!(1/1) = Z. Hence,

1
Log(1 + i) :ln\/§+i% - §1n2+ig.

Question: 4. Find all values of (1 +)!/3.

Solution: First, write 1 + i in polar form:

1+i=+2 (cos% + isin%) = V2! P/A%T) e 7,

Then
(1 + i)1/3 _ (\/E)l/3ei(7r/12+2krr/3) _ 21/6ei(n/12+2k7r/3)’ k=0,1,2.

The three distinct values are:

k=0: 21/6 (Cos£+isin£),

12 12
9 971 37T 3
4 1/6 .. _»1/6 ..
k=1: 2 (c:os—12 —I—zsm—lz) 2 <cos—4 -l—zsm—4 ),
177 177
_n. 1/6 . s
k=2: 2 (cos—12 —I—zsm—lz).

Question: 5. Prove that cosh? z — sinh? z = 1 for all complex z.
Solution: Using the definitions,

e +e % e —e %

coshz = 5 sinhz = 5
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Then

z —z\ 2 z _ ,—z\ 2
coshzz—sinhzz:(e +2€ ) _(e ¢ ) .

Expanding both squares gives

2z 2 -2z 2z ) -2z 4
coshzz—sinhzzze +4—|—e _¢ 4+e :Z:L

Question: 6. Find the real and imaginary parts of sin(1 + 7).

Solution: Using the formula sin(x + iy) = sinx coshy + i cos x sinh y with x = 1 and
y=1

sin(14 i) = sin1cosh1+icos1sinhl.
Therefore, the real part is sin 1 cosh 1 and the imaginary part is cos 1 sinh 1.

Question: 7. Show that the sum of the nth roots of unity is zero.

2

Solution: Let w = ¢2™/" The nth roots of unity are 1, w, w?, ..., w" 1. Their sum is

S=1l+w+w?+-+"
This is a geometric series with common ratio w. Since w # 1,

Cl-w' 1-1

5= 1—-w 1-w 0.

Question: 8. Solve the equation z* + z2 + 1 = 0.

Solution: Let w = z%. Then the equation becomes w? + w +1 = 0. Solving this

quadratic equation yields

oo T1EVI—4  —14IVE s
N 2 2 '

Thus, z2 = ¢27/3 or 22 = ¢=27/3, Taking square roots,

: 1
7z = 4e™/3 — 4 (E—l—iﬁ),

2
: 1 V3
::l:—ﬂl/3::i: 4 X
z e (2 12>

The four solutions are :I:% +i \/7§
Question: 9. Find all values of 7.
Solution: Write i in exponential form as i = ¢/"/2. Then

logi:1n1+i<g—|—2k7'c> :i<7§+2k7'[>, keZ.

Therefore,

(7t/242k)

i pilogi _ pivi(/242k7) _ - '
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All ;c?ese values are real numbers. The principal value, corresponding to k = 0, is
e e,
Question: 10. If z = x + i, prove that |sinz|> = sin? x + sinh? y.
Solution: Using sinz = sin x cosh y + i cos x sinh iy, we have
| sinz|?> = (sin x coshy)? 4 (cos x sinh y)?.

Since cosh? y = 1 + sinh? y and cos? x = 1 — sin’ x,

| sinz|? = sin® x(1 + sinh? y) + (1 — sin? x) sinh? .
Simplifying,
2

| sinz|? = sin? x + sin® x sinh? y + sinh? y — sin® x sinh? y = sin? x + sinh?y.

Summary of Key Formulas

Exponential series exp(z) = Y0 o 5
Euler’s formula e = cosf +isin@
Polar form z = r(cosf +isin @) = re'®
De Moivre’s theorem | (¢?)" = ¢
nth roots of unity ekmi/n e =0,1,...,.n—1
Sum of roots of unity | 1 + w + w?+ -+ w" 1 =0
oSz it ”
. oz _p—iz
S z i
cosh z ede
sinh z e
log z In|z| +iargz
~C eClogz

Practice Problems

Q1. Find all the sixth roots of unity and represent them on the complex plane.

Q2. Using De Moivre’s theorem, express sin 46 in terms of powers of sin 6 and cos 6.
Q3. Find the principal value of Log(—1 — 7).

Q4. Find all values of (1 —i)/4,

Q5. Prove that sinz + cos?z = 1 for all complex z.

Q6. Find the real and imaginary parts of cos(2 + 3i).

Q7. Solve the equation z3 + 1 = 0.

Q8. Find all values of (1)/2.

Q9. Prove that | cos z|? = cos? x 4 sinh? y where z = x + iy.

Q10. Show that tan~!(i) = %ln (%)
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Common Mistakes

* The argument argz is multi-valued, whereas the principal argument Arg z is
unique and lies in the interval (-, 77].

* De Moivre’s theorem holds for integer exponents directly, but for rational expo-
nents it yields multiple values.

Z+427Ti

* The exponential function satisfies e = ¢%, which is the reason for the multi-

valued nature of the logarithm.

* The logarithm of a complex number is multi-valued because the exponential
function is periodic.

e The relations cos(iz) = cosh z and sin(iz) = isinh z are often confused.
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